








DARBOUX INTEGRABILITY AND ALGEBRAIC LIMIT CYCLES FOR
A CLASS OF POLYNOMIAL DIFFERENTIAL SYSTEMS
JINLONG CAO1, JAUME LLIBRE2 AND XIANG ZHANG1
Abstract. This paper deals with the existence of Darboux first integrals for the planar
polynomial differential systems x˙ = λx − y + Pn+1(x, y) + xF2n(x, y), y˙ = x + λy +
Qn+1(x, y)+yF2n(x, y), where Pi(x, y), Qi(x, y) and Fi(x, y) are homogeneous polynomials
of degree i. Inside this class we identify some new Darboux integrable systems having
either a focus or a center at the origin. For such Darboux integrable systems having
degrees 5 and 9 we give the explicit expressions of their algebraic limit cycles. For the
systems having degrees 3, 5, 7 and 9 we present necessary and sufficient conditions for
being Darboux integrable.
1. Introduction and statement of the main results
There exist three main open problems in the qualitative theory of real planar differential
systems, the distinction between a center and a focus, the determination of the number of
limit cycles and their distribution, and the determination of its integrability. The impor-
tance for searching first integrals of a given system was already noted by Poincare´ [24] in his
discussion on a method to obtain polynomial or rational first integrals. One of the classical
tools in the classification of all trajectories of a dynamical system is to find first integrals.
In [13, 14] the authors characterized a large classes of polynomial differential systems in
terms of the existence of Darboux first integrals. In this paper we will extend the results
of [13, 14] to a new class of polynomial differential systems.




= x˙ = λx− y + Pn+1(x, y) + xF2n(x, y) := P (x, y),
dy
dt
= y˙ = x+ λy +Qn+1(x, y) + yF2n(x, y) := Q(x, y),
where Pi(x, y), Qi(x, y) and Fi(x, y) are homogeneous polynomials of degree i in the vari-
ables x and y. These systems have a focus at the origin if λ 6= 0, and have either a center
or a focus if λ = 0. Recall that a center is a singular point having a neighborhood filled of
periodic orbits, and that a focus is a singular point having a neighborhood where all the
orbits spiral either in forward or in backward time to it. This work will characterize some
new class of Darboux integrable systems.
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Taking polar coordinates (r, θ) via x = r cos θ and y = r sin θ, system (1) becomes
(2) r˙ = λr + f(θ)rn+1 + h(θ)r2n+1, θ˙ = 1 + g(θ)rn,
where
f(θ) = cos θPn+1(cos θ, sin θ) + sin θQn+1(cos θ, sin θ),
g(θ) = cos θQn+1(cos θ, sin θ)− sin θPn+1(cos θ, sin θ),
h(θ) = F2n(cos θ, sin θ).
We remark that f(θ), g(θ) and h(θ) are homogeneous trigonometric polynomials of degree
n + 2, n + 2 and 2n, respectively. In the region W = {(r, θ) : 1 + g(θ)rn > 0}, system (2)





λr + f(θ)rn+1 + h(θ)r2n+1
1 + g(θ)rn
.









nf(θ)− g′(θ)− 2nλg(θ)) ρ2 + nλρ
= A(θ)ρ3 +B(θ)ρ2 + Cρ,
(4)
via the diffeomorphism
(5) ρ = rn/ (1 + g(θ)rn) , (r, θ) ∈W.
As far as we know Cherkas [3] is the first one to use this transformation. The differential
equation (4) appeared in the Abel’s studies on the theory of elliptic functions (for more
details on Abel differential equations, see for instance [2, 8, 15, 10]).
In system (1), if we take Pn+1(x, y) = xFn(x, y) and Qn+1(x, y) = yFn(x, y), system
(2) has g(θ) = 0. These planar systems whose angular speed is constant are usually called
rigid or uniformly isochronous (see e.g. [11]). Of course, for these differential systems all
their centers are isochronous, see e.g. [7, 26]. Gine´ and Llibre [14] have studied the system
with g(θ) = 0 and characterized its Darboux integrability. If we take F2n(x, y) = 0 in
system (1), the system has homogeneous nonlinearities. The Darboux integrability of these
systems was studied in [13], and in [17, 18] the existence of limit cycles was analyzed.
Our system can have g(θ) and h(θ) both non–vanishing. Also as those in [13, 14] our
system (1) can have Darboux first integrals and algebraic limit cycles.
We shall consider the Abel differential equation (4) defined on the cylinder (ρ, θ) ∈
R × S1, where R is the field of real numbers, and S1 is the unit circle. Of course only the
orbits of the half-cylinder ρ > 0 can come from the ones of system (1). Note that the origin
of system (1) plays the role of the periodic orbit ρ = 0 for the Abel differential equation
(4).
We say that all polynomial differential systems of form (1) define a subclass J if and
only if A(θ) and B(θ) satisfy
(6) A′(θ)B(θ)−A(θ)B′(θ) = aB3(θ)−A(θ)B(θ)C
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for some a ∈ R and C = nλ. In this paper we shall prove that each polynomial differential
system (1) in the subclass J has a Darboux first integral, and show by examples that some
of them can have one or two algebraic limit cycles.
Denote by






the vector field associated to system (1). Let Σ be the set of some special orbits of system
(1) such that U ⊂ R2\Σ is open. System (1) is smooth (or analytic) integrable on U if there
exists a nonconstant smooth (or analytic) function H : U → R, called a first integral of the
system on U , which is constant on all solution curves (x(t), y(t)) of system (1) on U ; i.e.
H(x(t), y(t)) = constant for all values of t for which the solution is defined on U . Clearly
H is a smooth first integral of system (1) on U if and only if XH ≡ 0 on U .
We say that a Ck function R : U → R with k ≥ 1, not identically null in U , is an
integrating factor of system (1) in U if ∂(RP )/∂x = −∂(RQ)/∂y. In this case the first
integral H associated to this integrating factor R is given by
H(x, y) = −
∫
R(x, y)P (x, y) dy + f(x),
satisfying ∂H/∂x = RQ. Then x˙ = RP = −∂H/∂y and y˙ = RQ = ∂H/∂x.
The following result, due to Giacomini et al [12], is very useful in studying the existence
or nonexistence of limit cycles.
Theorem 1. Let (P,Q) be a C1 vector field defined in the open subset U of R2. Let V (x, y)
















defined in U . If γ is a limit cycle of (P,Q) contained in U , then γ is contained in {(x, y) ∈
U : V (x, y) = 0}.
A nonconstant Ck function V : U → R with k ≥ 1 satisfying (7) is called an inverse
integrating factor of the vector field X in U . The expression div(X ) = div(P,Q) = ∂P/∂x+
∂Q/∂y is called divergence of system (1). The function R = 1/V defines in U \{V = 0} an
integrating factor of system (1) which allows to determine a first integral for system (1) in
U \{V = 0} (see e.g. [5, 1]).
A function of the form fλ11 . . . f
λp
p (exp(h1/g1))
µ1 . . . (exp(hm/gm))
µm , where the poly-
nomials fi are irreducible in C[x, y] for i = 1, . . . , p, and the polynomials gj and hj are
coprime in C[x, y] for j = 1, . . . ,m, and the λi and µj are complex numbers, is called a
Darboux function. System (1) is called Darboux integrable if the system has a first integral
or an integrating factor which is a Darboux function (see e.g. [20, 29]).
Our main results are the following
Theorem 2. For system (1) belonging to J the following statements hold.
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(a) If λ 6= 0, a 6= 0 and A(θ)B(θ) 6= 0, then the origin is a focus and the system has



























through the changes of variables x = r cos θ, y = r sin θ and the transformation (5).
(b) If λ 6= 0 and A(θ) = 0 or B(θ) = 0, but A(θ) and B(θ) do not vanish simultaneously,






exp(nλθ)B(θ) dθ if A(θ) = 0,
exp(2nλθ)ρ−2 + 2
∫
exp(2nλθ)A(θ) dθ if B(θ) = 0,
through the changes of variables x = r cos θ, y = r sin θ and the transformation (5).
(c) If λ 6= 0 and A(θ) = B(θ) = 0, then the origin is a focus and the system has the
Darboux first integral H(x, y) obtained from H(ρ, θ) = ρ exp(−nλθ).
(d) If λ = 0, then the origin is a center. Moreover the system has an explicit rational
first integral if one of the following conditions holds.
(d1) A(θ) = 0 and B(θ) = 0;
(d2) A(θ) = 0, B(θ) 6= 0 and
∫ 2pi
0 B(θ)dθ = 0;
(d3) B(θ) = 0, A(θ) 6= 0 and
∫ 2pi
0 A(θ)dθ = 0;
(d4) A(θ)B(θ) 6= 0, and the parameter a given in (6) satisfies a < 1/4, a 6= 0, and√
1− 4a rational.
We remark that the case λ 6= 0, a 6= 0 and A(θ)B(θ) = 0 is contained in statement (b),
which can be seen from equation (6). Also if λ 6= 0 and a = 0, we can prove that system
(2) belongs to the subclass J if and only if A(θ) = 0 or B(θ) = 0. This case belongs to
statement (b), too. Theorem 2 will be proved in Section 2.
A limit cycle of system (1) is a periodic orbit isolated in the set of all periodic orbits
of system (1). We say that a limit cycle is algebraic if it is contained in an algebraic curve
(see for instance, [27, 13]).
Using Theorems 1 and 2, the following corollary follows easily from the fact that
V (ρ, θ) = ρ(ρ2A2(θ)/B2(θ) + ρA(θ)/B(θ) + a)
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is an inverse integrating factor of the Abel differential equation (4) in the subclass J with
λ 6= 0 and A(θ)B(θ) 6= 0.
Corollary 3. If n is even and a ≤ 1/4 system (1) in the subclass J with λ 6= 0 and
A(θ)B(θ) 6= 0 can have at most two limit cycles in the region θ˙ > 0, which are algebraic (if
exist). Moreover there exist examples showing that some of these systems can have 1 or 2
limit cycles.
We now apply our theory to characterize Darboux integrable systems of form (1) with
n = 1, 2, 3, 4.
System (1) with n = 1 is of the form
(8)
x˙ = −y + λ0x+ λ1x2 + λ2xy + λ3y2 + x(λ7x2 + λ8xy + λ9y2),
y˙ = x+ λ0y + λ4x
2 + λ5xy + λ6y
2 + y(λ7x
2 + λ8xy + λ9y
2),
which is a projective quadratic system (see e.g. [19, 22, 28]) because extended to the
real projective plane RP 2 continues being quadratic, where λi, i = 0, · · · , 9, are arbitrary
constants. System (8) for λ3 = λ4 = 0, λ1 = λ5 and λ2 = λ6 was studied by Collins
in [6]. The Darboux integrability of system (8) was studied in [14] under the condition
λ3 = λ4 = 0, λ1 = λ5 and λ2 = λ6, and in [13] under the condition λ7 = λ8 = λ9 = 0. In
Corollary 4 of Section 3 we provide new classes of Darboux integrable systems of form (8).
In Corollary 9 of Appendix A we provide the necessary and sufficient conditions in order
that system (8) with λ3 = λ4 = 0 be in the subclass J .
System (1) with n = 2 is of the form
(9)


















where λi, i = 0, · · · , 13, are arbitrary constants. For λ4 = λ5 = 0, λ1 = λ6, λ2 = λ7 and
λ3 = λ8, the system has a Darboux first integral [14], and its origin is a center [26]. Systems
(9) with λ9 = · · · = λ13 = 0 have also Darboux first integrals [13]. In Corollary 5 of Section
3 we provide new subclasses of Darboux integrable systems of form (9). In Proposition 6 of
Section 4 we present the explicit expressions of the algebraic limit cycles contained in the
region θ˙ > 0 of these systems with λ4 = λ5 = 0. In Corollary 10 of Appendix A we provide
the necessary and sufficient conditions in order that system (9) with λ4 = λ5 = 0 be in the
subclass J .
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System (1) with n = 3 can be written in
(10)























where λi, i = 0, · · · , 17, are arbitrary constants. In Corollary 11 of Appendix A we provide
the necessary and sufficient conditions in order that system (10) with λ5 = λ6 = 0 be in
the subclass J .
System (1) with n = 4 can be written as
(11)



























where λi, i = 0, · · · , 21, are arbitrary constants. In Proposition 8 of Section 4 we present
the explicit expressions of the algebraic limit cycles contained in the region θ˙ > 0 of system
(11) with λ6 = λ7 = 0. In Corollary 12 of Appendix A we obtain the necessary and sufficient
conditions in order that system (11) with λ6 = λ7 = 0 be in the subclass J .
The rest of this paper is organized as follows. Section 2 is dedicated to prove Theorem
2. In Section 3 we present some new classes of Darboux integrable systems of form (8)
and (9) belonging to the subclass J . We give the explicit expressions of the algebraic limit
cycles contained in the region θ˙ > 0 for quintic and nine degree systems having a Darboux
first integral in Section 4. Finally, in Appendix A we present the necessary and sufficient
conditions for systems (8), (9), (10) and (11) having g(θ) = 0 to be in the subclass J .
2. Proof of Theorem 2
In this section we prove Theorem 2. The main idea follows from [13, 14].
(a) Following the case (d) of Abel differential equation studied in [15], we take the change
of variables (ρ, θ) → (η, ξ) defined by ρ = u(θ)η(ξ), where u(θ) = exp(∫ nλdθ) and ξ =∫
u(θ)B(θ) dθ. By this transformation the Abel differential equation (4) can be written as
(12) η′(ξ) = g(ξ)[η(ξ)]3 + [η(ξ)]2,
where g(ξ) = u(θ)A(θ)/B(θ) and ′ = d/dξ.
Taking the change ξ → t as a new independent variable via ξ′ = −1/(tη(ξ)), where
′ = d/dt is the derivative with respect to t, equation (12) becomes
(13) t2ξ′′(t) + g(ξ(t)) = 0.
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This nonlinear ordinary differential equation is a celebrated Euler differential equation if we
take the particular case that g(ξ) = aξ, where a is an arbitrary constant. Then, equation






t ln t if a = 1/4,
C1t
k1 + C2t
k2 if a 6= 1/4,
where k1 and k2 are the roots of the characteristic equation.
We note that g(ξ) = aξ with a 6= 0 means
(14) exp(nλθ)A(θ)/B(θ) = a
∫
exp(nλθ)B(θ) dθ,









which is equivalent to condition (6). Finally returning to the variables (ρ, θ) and taking
into account that the roots k1 and k2 can be real or complex, we obtain the first integrals
of statement (a) according to the values of a.
Now we shall prove that the systems of statement (a) are Darboux integrable. For
doing that it is sufficient to show that all the terms that appear in the first integral of those
systems are of the form fλ11 . . . f
λp
p where the fi’s are polynomials in C[x, y] and the λi’s
are complex numbers. First we have that
exp(−nλθ) = (exp(2i arctan(sin θ/ cos θ)))nλi/2 = (cos θ + i sin θ)nλi/2(cos θ − i sin θ)−nλi/2,
where we have used the fact (cos θ+i sin θ)(cos θ− i sin θ)−1 = (cos θ+i sin θ)2. If among the
exponential factors of systems (2) a complex conjugate pair exp(h/g) and exp(h/g) occurs,





= exp (2Re(µh/g)) .
We recall that for f ∈ C[x, y], if f = 0 is an invariant algebraic curve of a real polynomial
differential system, then its complex conjugate f = 0 is also an invariant algebraic curve
(see e.g. [5, 21]). Therefore if among the invariant algebraic curves of systems (1) a complex
conjugate pair f = 0 and f = 0 occurs, then the first integral has a factor of the form fµf
µ
,
which is the (multi-valued) real function
fµf
µ








On the other hand using ρ = rn/[1 + g(θ)rn] it follows that




rn+4 (B(θ) +B(θ)g(θ)rn + 2rnA(θ))
rn+4B(θ) (1 + g(θ)rn)
is a rational function in cartesian coordinates because A(θ) consists of the homogeneous
trigonometric polynomials of degree 2n and 2n+4 in cos θ and sin θ, and B(θ) and g(θ) are
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homogeneous of degree n+ 2 in cos θ and sin θ. Hence, taking into account these relations
the first integral for a > 1/4 is given by the Darboux function
H(ρ, θ) = ρ exp(−nλθ)fµfµ,
where Ref = F , Imf =
√
4a− 1, Reµ = −1/2 and Imµ = 1/(2√4a− 1). The first integral
for a = 1/4 is the Darboux function
H(ρ, θ) = ρ exp(−nλθ) exp(1/F )/F.
The first integral for a < 1/4 and a 6= 0 is the Darboux function
H(ρ, θ) = ρ exp(−nλθ)|√1− 4a+ F |µ1 |√1− 4a− F |µ2 .
where µ1 = (−1 + 1/
√
1− 4a)/2 and µ2 = −(1 + 1/
√
1− 4a)/2. This completes the proof
of statement (a).
(b) If A(θ) = 0 and B(θ) 6= 0, or A(θ) 6= 0 and B(θ) = 0, the Abel differential equation
(4) is the Bernoulli one dρ/dθ = B(θ)ρ2 + nλρ, or dρ/dθ = A(θ)ρ3 + nλρ. Solving these
Bernoulli equations we get the first integrals of statement (b). Systems (1) of statement (b)
are Darboux integrable because their first integrals are obtained by integrating elementary
functions (for more details see [25]). Consequently these systems have a Darboux first inte-
gral taking into account that the integrals which appear in statement (b) can be computed
using recurrent formulas (see for instance [23]).
(c) If λ 6= 0 and A(θ) = B(θ) = 0, the Abel differential equation (4) is the linear differential
equation dρ/dθ = nλρ. Solving this linear equation we get the first integrals of statement
(c). Systems (1) of statement (c) are also Darboux integrable because their first integrals
are obtained by integrating elementary functions.
(d) If λ = 0 systems (1) belonging to the subclass J have the first integralsH(x, y) obtained
from the expressions of H(ρ, θ) in statements (a) and (b) with λ = 0. The first integrals
H(ρ, θ) with λ = 0 of (a) and (b) are all periodic of period 2pi. So the origin is a center.
Moreover from the Poincare´ theorem [24] and the fact that the origin is a linear center,
the system has a local analytic first integrals in a neighborhood of the origin. Usually we
cannot compute this local analytic first integral.
If B(θ) = A(θ) = 0, then system (4) has the first integral ρ. Consequently system
(2) with λ = 0 has the first integral H1 = r
2n/(1 + g(θ)rn)2. Going back to the cartesian
coordinates, it is a rational first integral of (1) because g(θ) is a homogeneous trigonometric
polynomial of degree n+ 2 in cos θ and sin θ. Statement (d1) follows.
If A(θ) = 0 and B(θ) 6= 0, then system (4) has the first integral H2(ρ, θ) = 1/ρ +∫
B(θ) dθ. The assumption
∫ 2pi
0 B(θ) dθ = 0 implies that (H2(ρ, θ))
2 is a rational function
in cartesian coordinates. We note that if n is even, so is H2(ρ, θ). Hence system (1) has a
rational first integral and consequently statement (d2) follows if A(θ) = 0 and B(θ) 6= 0.
If B(θ) = 0 and A(θ) 6= 0, then system (4) has the first integral H3(ρ, θ) = 1/ρ2 +
2
∫
A(θ) dθ. The assumption
∫ 2pi
0 A(θ) dθ = 0 implies that H3(ρ, θ) is a rational function
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in cartesian coordinates because ρ2 is rational in the cartesian coordinates and A(θ) is a
trigonometric polynomial of even degree in cos θ and sin θ. Hence system (1) has a rational
first integral and consequently statement (d3) follows if B(θ) = 0 and A(θ) 6= 0.
Finally from the expression of the first integral H(ρ, θ) of statement (a) for a < 1/4,
a 6= 0 and √1− 4a rational, we have H2(ρ, θ) = ρ2|√1− 4a+F |2µ1 |√1− 4a−F |2µ2 , where
µ1, µ2 and F are defined at the end of the proof of statement (a). Then statement (d4)
follows from the fact that F is rational in the cartesian coordinates. This completes the
proof of statement (d).
3. Darboux integrability of systems (8) and (9)
The following corollary characterizes partially the Darboux integrability of system (8)
belonging to the subclass J .
Corollary 4. System (8) with λ0 6= 0 belongs to the subclass J if one of the following
statements holds (we note that λ7, λ8 and λ9 can be obtained from condition (6).
(a) If λ2 = λ4 = 0, λ3 = −λ1, λ6 = λ1, λ5 = 2λ1, a = (1 + λ20)/(4λ20), then system (8)
has the Darboux first integral
H(x, y) =
ρ(x, y) exp (−λ0 arctan(y/x)− λ0 arctanλ0(1 + 2Γ(x, y)))√



















ρ(x, y) = −(x2 + y2)3/2/((x2 + y2)(1 + λ1y) + λ1xy2),
where the coefficients γai , for i = 0, 1, . . . , 6, depend only on γ0, and are given in
Appendix B1.1, and g0 = 8(92− 160λ0 + 169λ20 − 6λ30 + 9λ40 + 26λ50)y(x2 + λ0x2 +
λ0y
2 + λ0xy − y2)(x2 + y2 + λ1x2y + λ1xy2 + λ1y3).
(b) If λ2 = λ4 = 0, λ3 = −λ1, λ6 = λ1, λ5 = 2λ1 and a = 3/16, then system (8) has
the Darboux first integral
















ρ(x, y) = −(x2 + y2)3/2/(x2 + y2 + λ1xy2 + λ1x2y + λ1y3),
where γbi , for i = 0, 1, . . . , 6, are given in Appendix B1.2.
(c1) If λ1 = λ3 = λ4 = λ6 = 0, λ2 = −λ5 and a = 1/4, then system (8) has the Darboux
first integral
H(x, y) = ρ(x, y) exp (−λ0 arctan(y/x) + 1/(1 + 2Γ(x, y))) (1 + 2Γ(x, y))−1,







6 + γc15 x
5y + γc14 x
4y2 + γc13 x
3y3 + γc12 x
2y4 + γc11 xy




ρ(x, y) = −(x2 + y2)(3/2)/(x2 + y2 + λ5xy2 + λ5x2y),
where γc1i , for i = 0, 1, . . . , 6, are given in Appendix B1.3, and gc1 = 16(−300 +
50λ0−115λ02+23λ03−3λ04+λ05)(x2+y2+λ5xy2+λ5x2y)(x3+2λ0x2y−3xy2+
2λ0xy
2 + 3 yx2 − y3).
(c2) If λ2 = 3λ1, λ3 = −λ1/4, λ4 = −2λ1, λ5 = λ1/4, λ6 = λ1/2, a = 1/4, then system






6 + γc25 x
5y + γc24 x
4y2 + γc23 x
3y3 + γc22 x
2y4 + γc21 xy




ρ(x, y) = 4(x2 + y2)3/2/
(
4(x2 + y2)− 10λ1xy2 − 3λ1x2y − 8λ1x3 + λ1y3
)
,







0 − 9702λ50 + 1146λ60)(−4x2 − 4y2 + 8λ1x3 +
10λ1xy
2+3λ1yx
2−λ1y3)(7x3+6λ0x2y− 9xy2+16λ0x3+20λ0xy2− 2λ0y3− 8y3).
(d) If λ2 = λ4 = 0, λ3 = −λ1, λ6 = λ1, λ5 = 2λ1 and a = 0, then system (8) has the
Darboux first integral




















(−3 + 9λ0 − λ02 + λ03)x3 + (3λ0 − 9λ02 + λ03 − λ04)x2y












(e) If λ2 = 3λ1, λ3 = −λ1, λ4 = −2λ1, λ5 = 0, λ6 = λ1 and a = 2/9, then system (8)
has the Darboux first integral
















ρ(x, y) = (x2 + y2)3/2/
(
x2 + y2)(1− 2λ1x)− λ1y(x2 − y2)
)
,
where γei , for i = 0, 1, . . . , 6, are given in Appendix B1.5, and ge = 144(−556 +
123λ0 + 573λ0






2 − 2λ0y3 − 6xy2 − yx2 − y3).
The following corollary characterizes Darboux first integrals of system (9) belonging to
the subclass J .
Corollary 5. System (9) with λ0 6= 0 belongs to the subclass J if one of the following
statements holds (we note that λ9, · · · , λ13 can be obtained from (6)).
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(a) If λ2 = λ3 = λ6 = λ7 = 0, λ4 = λ1, λ5 = −λ1, λ8 = λ1 and a = (1 + λ20)/(4λ20),
then system (9) has the Darboux first integral
H(x, y) =
ρ(x, y) exp (−2λ0 arctan(y/x)− arctan (1 + 2Γ(x, y)))√






















ρ(x, y) = − (x2 + y2)2 /(−x2 − y2 + λ1x4 + λ1y4 + λ1yx3 − λ1y3x),






5)(3x4 − 6x2y2 + 3y4 − 6x3y + 6xy3 + 4λ0x4 +
4λ0y
4 + 4λ0x
3y − 4λ0xy3)(−x2 − y2 + λ1x4 + λ1y4 + λ1yx3 − λ1y3x).
(b) If λ2 = λ3 = λ6 = λ7 = 0, λ4 = −λ1, λ5 = λ1, λ8 = λ1 and a = 1/3, then system
(9) has the Darboux first integral
H(x, y) =
ρ(x, y) exp (−2λ0 arctan(y/x)− arctan (1 + 2Γ(x, y)))√
























/(x2 + y2 + λ1x
4 + λ1y
4 − λ1x3y + λ1xy3),
where ηbi , for i = 0, 1, . . . , 8, are given in Appendix B2.2, and hb = 48λ0(−36 +
72λ0− 23λ02+46λ03− 4λ04+8λ50)(x2+ y2+λ1x4+λ1y4−λ1yx3+λ1y3x)(−3x4+
6x2y2 − 3y4 − 6yx3 + 6y3x+ 4λ0x4 + 4λ0y4 − 4λ0x3y + 4λ0xy3).
(c) If λ2 = λ6 = λ7 = λ8 = 0, λ3 = −λ1, λ4 = −λ1, λ5 = λ1 and a = 1/4, then system
(9) has the Darboux first integral

























x2 + y2 + λ1x
4 + λ1y
4 − λ1x3y + λ1y3
)
,
where ηci , for i = 0, 1, . . . , 8, are given in Appendix B2.3, and hc = 16λ0(−648 −
531λ0− 1221λ02− 1119λ03− 61λ04− 684λ05+424λ06− 160λ07+112λ08)(x2+ y2+
λ1x
4 + λ1y




(d) If λ2 = λ7 = 0, λ3 = λ1, λ4 = −λ1, λ5 = λ1, λ6 = λ1, λ8 = −λ1 and a = 2/9, then
system (9) has the Darboux first integral
H(x, y) = ρ(x, y) exp(−2λ0 arctan(y/x))(4/3 + 2Γ(x, y))(2/3 + 2Γ(x, y))−2,























/(x2 + y2 − 2λ1xy3 + λ1x4 + λ1y4),




(e) If λ2 = λ3 = λ6 = λ7 = 0, λ4 = −λ1, λ5 = λ1, λ8 = −λ1 and a = 0, then system
(9) has the Darboux first integral
H(x, y) = exp (2λ0 arctan (y/x))
(
x2 + y2 + λ1(x
























where ηe4 = 15−4λ0+19λ02−λ03+4λ04, ηe3 = −24+2λ0−22λ02+2λ03−4λ04, ηe2 =
6+6λ0
2, ηe1 = −24−2λ0−22λ02−2λ03−4λ04 and ηe0 = 15+4λ0+19λ02+λ03+4λ40.
The proofs of Corollaries 4 and 5 follow doing tedious computations using statements
(a) and (b) of Theorem 2 and computer algebra.
4. Algebraic limit cycles of Darboux integrable systems
The existence and determination of limit cycles constitutes a difficult problem in the
qualitative theory of ordinary differential equations. The following proposition characterizes
a class of polynomial systems having Darboux first integrals and algebraic limit cycles.
Proposition 6. System (1) with n = 2, g(θ) = 0 and being in the subclass J can be written
in
(16)
x˙ = −y + x(λ0 + λ1x2 + λ2xy + λ3y2 + λ4x4 + λ5x3y + λ6x2y2 + λ7xy3 + λ8y4),
y˙ = x+ y(λ0 + λ1x







where the coefficients λi’s satisfy one of the conditions given in Corollary 10. Then the
following statements hold.
(a) System (16) for a ≤ 1/4 and a 6= 0 has the algebraic solutions
f(x, y) =
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denoted by Γ1 and Γ2 respectively, with f(x, y) = (λ1 + λ3 − λ0λ2 + 2λ20λ1)x2 +




1− 4a+ 1 + 2aΓ(r, θ)
)(−1+1/√1−4a)/2
(√
1− 4a− 1− 2aΓ(r, θ)
)(1+1/√1−4a)/2 ,
defined on R2\Σ, where Σ = {(0, 0)} ∪ {(r, θ) : 2aΓ(r, θ) + (1 ± √1− 4a) = 0},
and Γ(r, θ) = r2((λ20λ1 − λ3λ20 − λ0λ2) cos(2θ) + (λ1λ0 − λ0λ3 + λ20λ2) sin(2θ) +
λ20λ1 + λ1 + λ
2
0λ3 + λ3)/(2λ0 + 2λ
3
0). Denote ∆ := (λ1 + λ3)
2 + λ20(4λ1λ3 − λ22) and
Λ := λ0(λ1 + λ3).
(a1) If a = 1/4, ∆ > 0 and Λ < 0, then system (16) has the limit cycle Γ1 = Γ2.
(a2) If a < 0, ∆ > 0 and Λ < 0 (respectively, Λ > 0), then system (16) has the limit
cycle Γ1 (respectively, Γ2).
(a3) If 0 < a < 1/4, ∆ > 0 and Λ < 0, then system (16) has the two limit cycles Γ1
and Γ2.
(b) If a = 0, ∆ > 0 and Λ < 0, then system (16) has one limit cycle given by f(x, y) +
2(λ0 + λ
3
0) = 0, and the Darboux first integral H(r, θ) = exp(2λ0θ) (1 + Γ(r, θ)) /r
2
defined on R2\Σ, where Σ = {(0, 0)} ∪ {(r, θ) : Γ(r, θ) + 1 = 0}.
(c) In the other cases system (16) has no limit cycles.
From Theorems 1 and 2 we can obtain the proof of Proposition 6.
The following result due to Chavarriga et al [1] shows the coexistence of limit cycles
and Darboux first integrals of a given system.
Proposition 7. The differential system
(17) x˙ = x− y − x(x2 + y2), y˙ = x+ y − y(x2 + y2),
has the algebraic solution x2 + y2 = 1 as a limit cycle. In polar coordinates the function
H(r, θ) = (r2 − 1) exp(2θ)/r2 = C is a Darboux first integral defined on R2\Σ, where
Σ = {(0, 0)} ∪ {(x, y) : x2 + y2 = 1}.
We note that this last result can be got from Proposition 6 by taking a = 0, λ0 = 1,
λ1 = λ3 = −1 and λ2 = 0. Some other different examples of this kind can be found in
Christopher [4], Dolov [9], and Kooij and Christopher [16]. In what follows we provide some
new examples having algebraic limit cycles.
Example 1 System (16) with a = 1/4, λ0 = 2, λ1 = −2, λ2 = −1/2 and λ3 = −3 is
x˙ = 2x− y + x(2x2 + 3y2 − 8)(4x2 + xy + 6y2)/16,
y˙ = x+ 2y + y(2x2 + 3y2 − 8)(4x2 + xy + 6y2)/16.
It has exactly one limit cycle given by 2x2 + 3y2 − 4 = 0.
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Example 2 System (16) with a = 2/9, λ0 = 2, λ1 = −2, λ2 = −1/2 and λ3 = −3 is
x˙ = 2x− y + x(4x2 + xy + 6y2)(2x2 + 3y2 − 9)/18,
y˙ = x+ 2y + y(4x2 + xy + 6y2)(2x2 + 3y2 − 9)/18.
It has exactly two limit cycles given by 2x2 + 3y2 − 3 = 0 and 2x2 + 3y2 − 6 = 0.
Example 3 System (16) with a = 0, λ0 = 2, λ1 = −2, λ2 = −1/2 and λ3 = −3 is















It has exactly one limit cycle given by 2x2 + 3y2 − 2 = 0.
Proposition 8. System (1) with n = 4, g(θ) = 0 and being in the subclass J can be written
as
(18)

























where the coefficients λi’s satisfy one of the conditions given in Corollary 12. Then the
following statements hold.




1− 4a) (4λ20 + 1) (λ30 + λ0) /a,
4(−1−√1− 4a) (4λ20 + 1) (λ30 + λ0) /a,






4 with the coefficients given by
γ4 = λ3 + 3λ1 + 3λ5 − 5λ0λ2 − 3λ0λ4 + 32λ02λ1 + 32λ04λ1 + 4λ02λ3 − 8λ03λ2,
γ3 = 4(5λ1 − λ3 − 3λ5 + 5λ0λ2 + 3λ0λ4 + 8λ02λ1 − 4λ02λ3 + 8λ03λ2),
γ2 = 2(3λ1 + λ3 + 3λ5 + 3λ0λ2 − 3λ0λ4 + 4λ02λ3),
γ1 = 4(3λ1 + λ3 − 5λ5 + 3λ0λ2 + 5λ0λ4 + 4λ02λ3 − 8λ02λ5 + 8λ03λ4),





Moreover for suitable choice of the λi’s, Γ1 and Γ2 contain ellipses, and consequently
the system can have two algebraic limit cycles.




1− 4a+ 1 + 2aγ(r, θ)
)(−1+1/√1−4a)/2
(√
1− 4a− 1− 2aγ(r, θ)
)(1+1/√1−4a)/2 ,
is a Darboux first integral defined on R2\Σ, where Σ = {(0, 0)}∪ {(r, θ) : 2aγ(r, θ)+
(1±√1− 4a) = 0} and γ(r, θ) = r4[c4 cos(4θ)+s4 sin(4θ)+c2 cos(2θ)+s2 sin(2θ)+






c4 = −λ0λ2 + λ0λ4 + λ02λ1 − λ02λ3 + λ02λ5 − 4λ03λ2 + 4λ03λ4 − 4λ04λ3
+4λ40λ5 + 4λ0
4λ1,
s4 = λ0λ1 − λ0λ3 + λ0λ5 + λ02λ2 − λ02λ4 + 4λ03λ1 − 4λ03λ3 + 4λ03λ5
−4λ04λ4 + 4λ04λ2,
c2 = −4λ0λ2 − 4λ0λ4 + 16λ02λ1 − 16λ02λ5 − 4λ03λ2 − 4λ03λ4 + 16λ04λ1 − 16λ04λ5,
s2 = 8λ0λ1 − 8λ0λ5 + 8λ02λ2 + 8λ02λ4 + 8λ03λ1 − 8λ03λ5 + 8λ04λ2 + 8λ04λ4,
















with f(x, y) given in (a). Furthermore for suitable choice of the λi’s, the algebraic
curve can contain an ellipse and consequently the system can have an algebraic limit
cycle.
(d) For a = 0, H(r, θ) = exp(4λ0θ) (1 + γ(r, θ)) /r
4 is a Darboux first integral defined
on R2\Σ, where Σ = {(0, 0)} ∪ {(r, θ) : γ(r, θ) + 1 = 0} and γ(r, θ) is given in (b).
The proof of Proposition 8 follows from Theorems 1 and 2.
We note from this last proposition that if a = 1/4 or a = 0 there exist systems of form
(18) belonging to the subclass J which have one limit cycle; if a < 1/4 and a 6= 0 there
exist systems of form (18) belonging to the subclass J which have 1 or 2 limit cycles.
The following examples provide systems (18) having algebraic limit cycles.
Example 4 System (18) with a = 1/4, λ0 = 1, λ1 = λ2 = λ4 = −1, λ3 = −4 and λ5 = −3,
is






x2 + xy + 3 y2
) (
x4 + 4x2y2 + 3y4 − 4) ,







x2 + xy + 3 y2
) (
x4 + 4x2y2 + 3y4 − 4) .




x2 + 3 y2
)
= 2.
Example 5 System (18) with a = 3/16, λ0 = 1, λ1 = λ2 = λ4 = −1, λ3 = −4 and λ5 = −3
is






x2 + xy + 3 y2
) (
3x4 + 12x2y2 + 9 y4 − 16) ,







x2 + xy + 3 y2
) (
3x4 + 12x2y2 + 9 y4 − 16) .
It has exactly two limit cycles given by 3(x2+y2)(x2+3y2) = 4 and (x2+y2)(x2+3y2) = 4.
Example 6 System (18) with a = 0, λ0 = 1, λ1 = λ2 = λ4 = −1, λ3 = −4 and λ5 = −3 is




x2 + xy + 3y2
)




x2 + xy + 3y2
)
.
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5. Conclusions
We have attempted to study the integrability of a class of planar polynomial differential
systems through the Darboux theory of integrability via the Abel differential equations. By
using these Abel differential equations we have obtained a large class of Darboux integrable
planar polynomial differential systems and we provided the explicit expressions of their
first integrals. This shows that the study of the integrability through the Abel differential
equations is very useful.
As we know, it is very difficult to detect the existence of first integrals for a given
polynomial differential system, and is also difficult to obtain the explicit expression of
such a first integral. Applying our general theory to some concrete classes of polynomial
differential systems we have covered some known results, and found some new integrable
systems. Moreover we provided the concrete expressions of their first integrals.
Another main contents of this paper is on the existence of algebraic limit cycles for the
integrable systems. For two classes of integrable polynomial differential systems of degree
5 and 9, using the inverse integrating factors we have obtained the existence and concrete
expressions of their algebraic limit cycles. Such systems having a Darboux first integral
and algebraic limit cycles, some are known, but most are new. The known ones were got
by several authors using different methods as we mentioned in the context.
In short our methods can be used to obtain rich integrable planar polynomial differential
systems, and to get the algebraic limit cycles of these systems.
6. Appendix A
System (8) with g(θ) = 0 can be written in
(19)
x˙ = −y + λ0x+ x(λ1x+ λ2y + λ3x2 + λ4xy + λ5y2),
y˙ = x+ λ0y + y(λ1x+ λ2y + λ3x
2 + λ4xy + λ5y
2).
The following result provides the necessary and sufficient conditions for system (19) to be
in the subclass J . It was obtained in Corollary 5 of [14] except the case a = 0.
Corollary 9. System (19) belongs to the subclass J if and only if one of the following
statements holds.
(a) If λ1 = λ2 = 0, then a Darboux first integral is given in Theorem 2 (b).
(b) If λ3 = λ4 = λ5 = 0, then a Darboux first integral is given in Theorem 2 (b).
(c) If λ3 = aλ1(λ0−λ2)/(1+λ20), λ4 = a(−λ22+λ21+2λ1λ0λ2)/(1+λ20), λ5 = aλ2(λ1+
λ0λ2)/(1 + λ
2
0), then a Darboux first integral is given in Theorem 2 (a).
Consequently this cubic system has a focus at the origin and a Darboux first integral for
λ0 6= 0; or has a center at the origin and a Darboux first integral for λ0 = 0.
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The following result presents the necessary and sufficient conditions for system (16) to
be in the subclass J .
Corollary 10. System (16) belongs to the subclass J if and only if one of the following
statements holds.
(a) If λ1 = λ2 = λ3 = 0, then a Darboux first integral is given in Theorem 2 (b).
(b) If λ4 = λ5 = λ6 = λ7 = λ8 = 0, then a Darboux first integral is given in Theorem
2 (b).
(c) If λ4 = aλ1K1
(





λ1λ2 + λ2λ3 + 2λ0λ1






2 + 2λ1λ3 + λ3





λ1λ2 + λ2λ3 + 2λ0λ1λ3 + λ0λ2





λ1 + λ3 + λ0λ2 + 2λ0
2λ3
)
, K1 = 1/(2λ0 + 2λ30),
then a Darboux first integral is given in Theorem 2 (a).
Consequently this quintic system has a focus at the origin and a Darboux first integral for
λ0 6= 0; or has a center at the origin and a Darboux first integral for λ0 = 0.
Systems (10) with g(θ) = 0 can be written in
(20)






















where λi, for i = 0, · · · , 11 are arbitrary constants. Then we have
Corollary 11. System (20) belongs to the subclass J if and only if one of the following
statements holds.
(a) If λ1 = λ2 = λ3 = λ4 = 0, then system (20) has the Darboux first integral given in
Theorem 2 (b).
(b) If λ5 = λ6 = λ7 = λ8 = λ9 = λ10 = λ11 = 0, then system (20) has the Darboux first
integral given in Theorem 2 (b).
(c) If
λ5 = λ1K2(−λ2 − 2λ4 + 7λ0λ1 + 2λ0λ3 − 3λ02λ2 + 9λ03λ1),
λ6 = K2(3λ12 − λ22 − 2λ2λ4 + 10λ0λ1λ2 + 6λ0λ1λ4 + 2λ0λ2λ3 + 9λ02λ12
−6λ02λ1λ3 − 3λ02λ22 + 18λ03λ1λ2),
λ7 = K2(3λ1λ2 − 3λ1λ4 − λ2λ3 − 2λ3λ4 + 6λ0λ12 + 10λ0λ1λ3 + 3λ0λ22 + 6λ0λ2λ4
+15λ0
2λ1λ2 − 9λ02λ1λ4 + 2λ0λ32 − 9λ02λ2λ3 + 18λ03λ1λ3 + 9λ03λ22),
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λ8 = 2K2(λ12 + 2λ1λ3 − 2λ2λ4 − λ42 + 4λ0λ1λ2 + 7λ0λ1λ4 + 3λ0λ2λ3 + 4λ0λ3λ4
+6λ0
2λ1λ3 − 6λ02λ2λ4 − 3λ02λ32 + 3λ02λ22 + 9λ03λ1λ4 + 9λ03λ2λ3),




2λ2λ3 − 15λ02λ3λ4 + 18λ03λ2λ4 + 9λ03λ32),
λ10 = K2(2λ1λ3 + λ32 − 3λ42 + 6λ0λ1λ4 + 2λ0λ2λ3 + 10λ0λ3λ4 + 3λ02λ32
−9λ02λ42 + 6λ02λ2λ4 + 18λ03λ3λ4),
λ11 = λ4K2(9λ03λ4 + 3λ02λ3 + 7λ4λ0 + 2λ2λ0 + 2λ1 + λ3),
with K2 = a/(1+ 10λ20+9λ40), then system (20) has the Darboux first integral given
in Theorem 2 (a).
Consequently these systems have a focus at the origin and a Darboux first integral for λ0 6= 0;
or have a center at the origin and a Darboux first integral for λ0 = 0.
The following corollary characterizes the Darboux first integrals of polynomial systems
(18) of degree 9 belonging to the subclass J .
Corollary 12. System (18) belongs to the subclass J if and only if one of the following
statements holds.
(a) If λ1 = λ2 = λ3 = λ4 = λ5 = 0, then (18) has the Darboux first integral given in
Theorem 2 (b).
(b) If λ6 = λ7 = λ8 = λ9 = λ10 = λ11 = λ12 = λ13 = λ14 = 0, then (18) has the
Darboux first integral given in Theorem 2 (b).
(c) If
λ6 = λ1N (3λ1 + λ3 + 3λ5 − 5λ0λ2 − 3λ0λ4 + 32λ02λ1 + 4λ02λ3 − 8λ03λ2 + 32λ04λ1),
λ7 = N (3λ1λ2 + λ2λ3 + 3λ2λ5 + 20λ0λ12 − 4λ0λ1λ3 − 12λ0λ1λ5 − 5λ0λ22
−3λ0λ2λ4 + 52λ02λ1λ2 + 12λ02λ1λ4 + 4λ02λ2λ3 + 32λ03λ12
−16λ03λ1λ3 − 8λ03λ22 + 64λ04λ1λ2),
λ8 = N (6λ12 + 5λ1λ3 + 6λ1λ5 + λ32 + 3λ3λ5 + 26λ0λ1λ2 − 6λ0λ1λ4 − 9λ0λ2λ3












λ9 = N (6λ1λ2 + 3λ1λ4 + 2λ2λ3 + 6λ2λ5 + λ3λ4 + 3λ4λ5 + 12λ0λ12 + 24λ0λ1λ3









2 − 32λ03λ2λ4 − 16λ03λ32 + 64λ04λ1λ4 + 64λ04λ2λ3),
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λ10 = N (3λ12 + 7λ1λ3 + 6λ1λ5 + 2λ32 + 7λ3λ5 + 3λ52 + 15λ0λ1λ2 + 25λ0λ1λ4












3λ2λ3 − 40λ03λ2λ5 − 40λ03λ3λ4 + 64λ04λ1λ5 + 64λ04λ2λ4 + 32λ04λ32),
λ11 = N (3λ1λ2 + 6λ1λ4 + λ2λ3 + 3λ2λ5 + 2λ3λ4 + 6λ4λ5 + 20λ0λ1λ5 + 12λ0λ1λ3
+3λ0λ2
2 + 11λ0λ2λ4 + 4λ0λ3










3λ2λ4 − 48λ03λ3λ5 − 24λ03λ42 + 64λ04λ2λ5 + 64λ04λ3λ4),
λ12 = N (3λ1λ3 + 6λ1λ5 + λ32 + 5λ3λ5 + 6λ52 + 12λ0λ1λ4 + 3λ0λ2λ3 + 6λ0λ2λ5












λ13 = N (3λ1λ4 + λ3λ4 + 3λ4λ5 + 12λ0λ1λ5 + 3λ0λ2λ4 + 4λ0λ3λ5 + 5λ0λ42




λ14 = Nλ5(3λ1 + λ3 + 3λ5 + 3λ0λ2 + 5λ0λ4 + 4λ02λ3 + 8λ03λ4 + 32λ02λ5 + 32λ04λ5),
where N = a/(8λ0(1+5λ20+4λ40)), then system (18) has the Darboux first integrals
given in Theorem 2 (a).
Consequently this system has a focus at the origin and a Darboux first integral for λ0 6= 0;
or has a center at the origin and a Darboux first integral for λ0 = 0.
The proof of Corollaries 9, 10, 11 and 12 follows doing tedious computations and using
the condition (6), Theorem 2 and computer algebra.
7. Appendix B
B1.1
γa6 = −272 + 800λ0 − 1113λ20 + 462λ30 − 206λ40 − 156λ50 + 272λ60,
γa5 = −240λ0 + 996λ02 − 1255λ03 + 108λ04 + 958λ05 + 100λ06 − 36λ07 − 104λ08,
γa4 = −544 + 920λ0 + 191λ02 − 2986λ03 + 2203λ04 − 1448λ05 + 1080λ06
−60λ07 − 68λ08 + 104λ09,
γa3 = −480λ0 + 1992λ02 − 2510λ03 + 952λ04 + 636λ05 + 1552λ06
−120λ07 − 136λ08 + 208λ09,
γa2 = −272− 560λ0 + 3721λ02 − 7358λ03 + 5392λ04 − 3068λ05 + 2020λ06
−144λ70 − 100λ80 + 312λ90,
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γa1 = −240λ0 + 996λ20 − 1623λ30 + 1484λ40 − 998λ50 + 1476λ60 − 120λ70
−136λ80 + 208λ90,
γa0 = −680λ0 + 2417λ20 − 3910λ30 + 2615λ40 − 1136λ50 + 536λ60
−60λ70 − 68λ80 + 104λ90.
B1.2
γb6 = −424λ0 + 864λ02 − 829λ03 − 566λ04 + 852λ05 + 26λ06,
γb5 = −1472 + 5504λ0 − 3544λ02 − 2204λ03 + 6473λ04 + 1310λ05 + 416λ06,
γb4 = −664λ0 + 2648λ02 − 4421λ03 + 1126λ04 + 2223λ05 − 1144λ06,
γb3 = −2944− 768λ0 + 13392λ02 − 26040λ03 + 13714λ04 + 1468λ05 − 2496λ06,
γb2 = −5944λ0 + 12944λ02 − 17171λ03 + 4334λ04 + 1314λ05 − 4030λ06,
γb1 = 4416− 16512λ0 + 27752λ02 − 24220λ03 + 7817λ04 + 1822λ05 − 2912λ06,
γb0 = 184λ0 + 920λ0
2 − 2763λ30 + 2258λ40 + 519λ50 − 1196λ60.
B1.3
γc16 = −150− 555λ0 + 140λ02 − 35λ03 + 8λ04,
γc15 = −2040λ0 + 244λ02 − 6λ03 + 18λ04,
γc14 = 4950 + 2295λ0 + 1460λ0
2 + 1377λ0
3 − 302λ04 + 32λ05 − 16λ06,
γc13 = 5520λ0 − 1112λ02 + 3668λ03 − 700λ04 + 96λ05 − 32λ06,
γc12 = −4050 + 3855λ0 − 2220λ02 + 2123λ03 − 404λ04 + 64λ05 − 16λ06,
γc11 = −2040λ0 + 244λ02 − 6λ03 + 18λ04,
γc10 = 450− 595λ0 + 140λ02 − 25λ03 + 2λ04.
B1.4





5 − 4674048λ06 + 586752λ07,
γc25 = −157140 + 228996λ0 + 6175852λ02 + 11842296λ03 + 9985168λ04
+483048λ0
5 − 3322176λ06 + 440064λ07,





5 − 12640368λ06 + 1549392λ07,
γc23 = 16632− 3148728λ0 + 189304λ02 + 13267920λ03 + 14822048λ04
−815312λ05 − 2938368λ06 + 403392λ07,
γc22 = 88704− 2578251λ0 − 2208418λ02 + 3481117λ03 + 9655636λ04
+6346592λ0
5 − 7277568λ06 + 861792λ07,
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γc21 = 63468− 1869084λ0 − 5714548λ02 − 900552λ03 + 5283376λ04
−3637624λ05 + 1735680λ06 − 183360λ07,
γc20 = −105264− 408041λ0 − 3059742λ02 − 4299153λ03 + 1176488λ04
−572728λ05 − 95952λ06 + 9168λ07.
B1.5
γe6 = −26324− 66459λ0 − 35836λ02 + 17234λ03 + 236500λ04 + 241277λ05
−30308λ06 + 41488λ07,
γe5 = −45616− 256148λ0 − 80284λ02 + 258176λ03 + 338332λ04 + 247844λ05
−21528λ06 + 44496λ07,
γe4 = 93492− 141885λ0 − 157892λ02 − 62670λ03 + 196340λ04 + 561919λ05
−112884λ06 + 91952λ07,
γe3 = 229024 + 57368λ0 − 632312λ02 − 134528λ03 + 353528λ04 − 125816λ05
+34128λ0
6 − 3168λ07,
γe2 = 105828 + 271287λ0 − 114100λ02 − 511698λ03 − 136820λ04 + 27623λ05
−50172λ06 + 13360λ07,
γe1 = −45616 + 384364λ0 − 221980λ02 − 401920λ03 + 356764λ04 − 435292λ05
+101736λ0
6 − 47664λ07,
γe0 = −13988 + 26457λ0 + 78804λ02 − 101746λ03 − 105876λ04 + 48549λ05
−29228λ06 + 8976λ07.
B2.1

























−4464λ06 + 4704λ07 − 512λ08 + 1024λ09,




−5952λ06 − 12736λ07 − 1024λ08 − 2048λ09,
ηa4 = −7776− 15876λ0 + 41922λ02 + 78096λ03 + 27330λ04 + 27484λ05
+18648λ0
6 − 688λ07 + 4096λ08,
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−4464λ06 + 4704λ07 − 512λ08 + 1024λ09,
ηa1 = −7776− 27864λ0 − 32760λ02 − 10632λ03 − 23256λ04 − 16992λ05
−5824λ06 − 10816λ07 − 1024λ08 − 2048λ09,











ηb8 = −2160 + 11790λ0 − 21339λ02 + 16563λ03 − 9435λ04
+6210λ0
5 − 1252λ06 + 936λ07,
ηb7 = 4320− 14184λ0 + 21816λ02 − 19332λ03 + 7776λ04 − 7728λ05
−32λ06 − 960λ07,
ηb6 = −504λ0 − 12924λ02 + 23316λ03 + 1140λ04 + 7464λ05 + 688λ06 + 288λ07,
ηb5 = 4320− 14184λ0 + 7992λ02 + 8316λ03 − 1056λ04 + 9936λ05
−1568λ06 + 2112λ07,
ηb4 = 4320 + 3060λ0 − 38466λ02 + 31170λ03 − 14178λ04 + 5580λ05
−2264λ06 − 1296λ07,
ηb3 = +14184λ0 − 7992λ02 − 4320− 8316λ03 + 1056λ04 − 9936λ05
+1568λ0
6 − 2112λ07,
ηb2 = −504λ0 − 12924λ02 + 23316λ03 + 1140λ04 + 7464λ05 + 688λ06 + 288λ07,




ηb0 = −2160 + 11790λ0 − 21339λ02 + 16563λ03 − 9435λ04 + 6210λ05
−1252λ06 + 936λ07.
B2.3
ηc8 = −864 + 29541λ0 − 1831λ02 + 32230λ03 + 11103λ04 − 40839λ05
+27793λ0
6 − 36652λ07 + 18236λ08 − 8704λ09 + 3584λ010,
ηc7 = 5184− 990λ0 + 54465λ02 + 28110λ03 + 74592λ04 + 86883λ05
−15230λ06 + 55764λ07 − 32200λ08 + 10240λ09 − 7168λ010,
ηc6 = 5184− 40086λ0 − 61263λ02 − 92125λ03 − 123932λ04 − 50616λ05
−37600λ06 + 6816λ07 + 6624λ08 + 2048λ09 + 3584λ010,
ηc5 = 5184 + 25605λ0 + 3330λ0
2 + 15437λ0
3 − 22985λ04 − 44499λ05
−1770λ06 − 43524λ07 + 25400λ08 − 13824λ09 + 7168λ010,
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6 − 33864λ07 + 23752λ08 − 10752λ09,







7 − 25656λ08 − 5184 + 10240λ09 − 7168λ010,
ηc2 = −60648λ0 − 87115λ02 − 129109λ03 − 150338λ04 − 46624λ05
−37688λ06 + 9440λ07 + 1728 + 8416λ08 + 2048λ09 + 3584λ010,
ηc1 = −13887λ0 − 56640λ02 − 50959λ03 − 87497λ04 − 78937λ05
−7278λ06 − 40364λ07 + 25288λ08 − 5184− 6656λ09 + 7168λ010,
ηc0 = −2592− 1476λ0 − 31749λ02 − 25334λ03 − 37908λ04 − 40795λ05
+5861λ0
6 − 21772λ07 + 14012λ08 − 5120λ09 + 3584λ010.
B2.4
ηd8 = 2160− 40320λ0 + 215208λ02 − 309507λ03 + 187491λ04 − 158277λ05
−160464λ06 + 144658λ07 − 139988λ08 + 107216λ09 − 26224λ010 + 17280λ011,
ηd7 = −4320− 10080λ0 + 342405λ02 − 79980λ03 + 127596λ04 + 85401λ05
−188460λ06 + 43302λ07 − 106572λ08 − 6688λ09 − 17328λ010 − 3008λ011,
ηd6 = −2160− 2880λ0 + 116613λ02 + 20787λ03 + 170757λ04 − 98394λ05
−167312λ06 + 29792λ07 − 145304λ08 + 41552λ09 − 27008λ010 + 3776λ011,
ηd5 = 2160 + 59040λ0 − 712305λ02 + 1135929λ03 − 585723λ04 + 629508λ05
+442974λ0
6 − 713132λ07 + 528120λ08 − 503024λ09 + 110880λ010 − 77504λ011,












8 − 27520λ09 + 89424λ010 + 1472λ011,
ηd2 = 6480− 190080λ0 + 1172655λ02 − 714645λ03 + 415425λ04 − 193884λ05
−729924λ06 + 673956λ07 − 517136λ08 + 461968λ09 − 100000λ010 + 80192λ011,
ηd1 = 10800− 154080λ0 + 391365λ02 + 964113λ03 − 75411λ04 + 685074λ05
−178890λ06 − 537080λ07 + 63888λ08 − 434352λ09 + 34944λ010 − 71488λ011,
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